The aim of this paper is to present the par yield curve for Japan's Municipal Bonds, by examining daily data from 2002 to the present. Moreover, this paper contributes to current literature by making available for the first time additional long-run market data on Japan's Municipal Bonds, and thereby enabling economists and practitioners to analyze the large municipal bond market of Japan in detail. We also investigate the fit of the well-known parametric and spline methods in their standard measures, and are able to show that the spline method does, in fact, fit well as in previous studies. In keeping with our aim to make these data more widely available, we posted the data on the following website and expect to update this regularly: http://www.mcnnns77.net.
Introduction
Japan's bond market is one of the largest and most advanced in the world. Moreover, in this market, Japan's local municipalities are the second largest bond source. As of the end of September 2015, Japan's outstanding municipal bonds amounted to 74.5 trillion yen ($621 billion), which exceeded all corporate bonds and other public bonds. (Note 1) Compared with advanced Western countries, Japan's municipal bond market has been the largest among unitary countries (Hattori & Miyake, 2015) .
In addition, more and more local governments finance initiatives through the bond market. The scale of Japan's municipal bond market has increased from 59.7 trillion to 74.5 trillion yen in the last 10 years. This equates to a growth rate of 24%, which is larger than the growth in either the corporate bond or the other public bond market. (Note 2) There are two main reasons for this. First, Japan's fiscal system has become more decentralized and as a result, local governments need to raise more money through external financial markets. Second, Japan's local governments have shifted their financing from borrowing from commercial banks to generating funds through bonds issuance.
For this reason, we believe that Japan's municipal bond market is a very important analysis subject, not only for academia but also for business participants in the financial market. The purpose of this study is to estimate Japan's municipal bond yield curve, looking at a daily frequency. Needless to say, the level of yield and its term structure are the most fundamental information necessary for an analysis of the bond market as well as the municipal bond market. The yield curve is reflected in investors' evaluations of local governments, and is one of the most important data sources for the financial market as well as public finance. However, as far as we know, most previous studies estimating the yield curve have focused on the national government bond market. Our estimation here may be the first pioneering effort targeting the sub-sovereign bond market that includes municipal bonds.
In estimating the yield curve, Japan's municipal bond market has some desirable characteristics when compared to other advanced countries. Among these, Japan's local governments issue bonds with high frequency and regularity. For example, Tokyo metropolitan, the largest issuer in Japan's municipal bond market, issues a 10-year, publicly offered municipal bond every month. In addition, it issues bonds with every other maturity, such as 5, 7, 20, 30 year, at least once a year. As a result, 168 publicly offered municipal bonds issued by Tokyo metropolitan remained in the secondary market at the end of 2015 (excluding those with less than one year maturity). At the same time, there are nine issuers with more than 100 issues remaining in the municipal bond market, (Note 3) and another 10 issuers with more than 50 remaining issues. (Note 4) These local governments issue bonds regularly, at least every two or three months. The large number of remaining issues means that we have many samples available for estimating the yield curve. The regular issuing of bonds increases the liquidity of the municipal bond market. Both points are important for the robustness of our estimation result.
Based on Gürkaynak, Sack, and Wright (2007) and Kikuchi and Shintani (2012) , our curve fit uses two estimation models, that is, Svensson (1994) and Steeley (1991) . The Bank for International Settlements (BIS, 2005) clearly underscores the wide use of Svensson (1994) in estimating the government bond yield curve in advanced countries. Nelson and Siegel (1987) , the original model of Svensson (1994) , has currently attracted attention in the macro-finance field. In terms of the B-spline (basis spline) model based on Steeley (1991) , Kikuchi and Shintani compared the yield estimation models for Japan's government bonds and found that the B-spline model was the best suited. This conclusion falls within our estimation in this study.
Moreover, we have provided our estimation result, including the estimated yield curve of each local government's issuing bond and the number of remaining issues, on our website, which will be updated regularly. (Note 5) Bloomberg L.P., the well-known financial market data source, has already estimated Japan's municipal bond yield curve. However, the number of local governments we include in our estimation is over 40 and in contrast to Bloomberg's data, our estimation term is longer, from 2002 to the present. (Note 6) Moreover, we are making our results publically available through our website (a subscription is required to access the Bloomberg data). Finally, our estimation methodology is concretely based on the academic literature. This enables other third parties to test our results.
As in Gürkaynak et al. (2007) , our estimation result will be updated regularly. This can thereby help academia in Japan and in other countries as well as individuals working in Japan's financial markets.
The remainder of this paper is organized as follows. Section 2 briefly summarizes the two yield curve estimation models. Section 3 describes the sample data employed in our yield curve estimation. Section 4 presents our estimation fitness of the estimated yield curve. Section 5 presents our conclusion.
The Yield Curve Models
As mentioned, many methods for interpolating the yield curve from the market prices of coupon-bearing bonds have been developed in previous studies. According to Gürkaynak et al. (2007) , one approach can be classified as the spline-based method. This approach involves a large number of estimated parameters and is considered as one of the more flexible methods. (Note 7) Another approach, classified into parametric forms, involves a smaller number of parameters and is considered more rigid. The former approach has been used by McCulloch (1975 McCulloch ( , 1990 , Steely (1991), Fisher, Nychka, and Zervos (1995) , and Waggoner (1997) . The latter approach has been used by Nelson and Siegel (1978) and Svensson (1995) . BIS (2005) summarizes the estimation methods used by the central bank in terms of the governments bonds, and shows that these two methods are widely used at many central banks. Some of the studies compare several estimation methods such as Ioannides (2003) for U.K. government bonds and Kalev (2004) for Australian government bonds.
Svensson (1994)
The first approach is based on Svensson (1994) , who models the forward rate (f(x)) for the six parameters according to the following functional form. x is the remaining maturity and 0 , 1 , 2 , 3 , 4 , 5 are the parameters to be estimated.
This model is an extension of the Nelson and Siegel (1987) model. Therefore, we refer to this as the NSS (Nelson-Siegel-Svensson) functional form. Equation (1) could be converted into the discount function (d(x)).
Steeley (1991)
The second approach is based on Steeley's (1991) model, which estimates the discount function (d(x)) using a B-spline function.
is the parameter to be estimated. In the spline model, we have to set a sequence of points known as knot points. Steeley sets the knots points as −3 < ⋯ < < +1 < +2 < +3 . B( , ) is recursively defined as shown in equation (4) below. We refer to this as the BS (B-spline) functional form.
One of the difficulties is how to set the knots. In terms of the JGB context, Kikuchi and Shintani (2012) set these in annual increments from year -2 through year 32. Fujii and Takaoka (2007) set the number of knots with √ ( : number of bonds) and divided each interval by setting knots that had almost the same number of bonds. This paper focuses on Japan's municipal bonds and some local governments did not have enough bonds to use the methodology of Kikuchi and Shintani (2012) , therefore, we follow Fujii and Takaoka (2007) in the setting of the knots.
Estimating the Yield Curve Model
The price of a coupon bearing bond (which has a semi-annual coupon payment (c/2) and matures in x years) is as below in equation (6).
The face value is 100JPY (c/100 is the coupon rate). We can compute the par yield of time t, given by,
( ) represents time t's discount rate in years. We define this price as the theoretical price (model implied price). We use the residual sum of the squares of errors between the bond actual market prices and the theoretical prices to estimate the parameters of NSS and BS.
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N is the number of observed bonds, is the observed price of the coupon bond, ̂ is the theoretical prices (model implied prices) of the coupon bond.
is the modified duration. In (9), the inverse of the modified duration is weighted, converting the objective function into the sum of the squared deviations between the observed and the model-implied yields to maturity.
In BS, equation (8) is used as the objective function, as in Fujii and Takaoka (2007) and Kikuchi and Shintani (2012) . On the other hand, in NSS, equation (9) is used as the objective function according to the following. Weighting prices by the inverse duration are used to get the better fitness of the longer bond yields, as in Kladivko (2010) . Thus, we use equation (8) for the objective function in BS and equation (9) for the objective function in NSS.
Data Set
In this study, we estimated the publicly offered municipal bond yield curve. Local governments in Japan issue municipal debt not only by issuing bonds, but also by borrowing from commercial banks or through the Fiscal Investment and Loan Program [FILP] , managed by the central government. Some local governments issue private-placement bonds. However, we did not include the prices and yields of this municipal debt because of the difficulty of getting information about these in the secondary market and the differences between bank loans and bonds.
We estimated the yield curve by each local government at a daily frequency. Among about 1,700 local governments in Japan, our estimation focused only on those with at least six publicly offered municipal bonds remaining in the secondary market that satisfied our requirements explained below. (Note 8).
Bond issues sold nationwide. We excluded publicly offered municipal bonds mainly sold to local citizens in the area of the issuer. Such bonds are called "citizen participatory-type bonds" or "mini bonds." Their prices and yields are usually not the same as those of nationwide, publicly offered municipal bonds.
Non-callable bond issues. In Japan's municipal bond market, callable bonds, variable rate bonds, discount bonds, or revenue bonds are rarely or never issued. All of the sample issues in our study have the same characteristics, excluding their price, coupon rate, and maturity.
Bond issues with more than one year to maturity. As in previous studies, we excluded municipal bond issues with short maturity because their price quotes often do not represent their real prices.
As of the end of 2015, 42 local governments, (24 prefectures, one metropolitan, and 17 cities) out of a total of 55 issuing public nationwide bonds, were able to satisfy these requirements (Table 1) . This means that most local governments that issue the publicly offered municipal bonds nationwide could be covered in our study. (Note 9) We have also included an estimation of the "Joint Local Government Bond" yield curve. This represents bonds co-issued by two or more local governments with jointly negotiated issuance terms, like the Länder-Jumbo municipal bond in Germany. 
Results

Example of Yield Curve Fit
Figures 1 and 2 show the actual yields and par yield, estimated by NSS and BS. 
Error Measure
To check the fitness of the NSS and BS methods, we use the estimation error, which can be expressed as the difference between the actual prices and model-implied prices. To capture how well the NSS and BS approach fit the curve, we use the root mean squared error (RMSE) and the maximum absolute error (MaxAE). The RMSE and the MaxAE are calculated as follows: 
In (10) and (11), N is the number of observed bonds, is the actual (observed) yield to maturity, and ̂ is the par yield estimated with NSS and BS. Another measure of fitness could be considered and if you analyze the government bonds or interest rate swap, the smoothness of the forward rate should also be carefully treated. (Note 10) However, the par yield or the (actual) yield is generally more often used in the municipal bonds market, whereas the forward rate is rarely used. Besides, focusing on the par yield or the (actual) yield is considered the standard approach when comparing the fitness of two or more yield curve estimation methods (Ioannides, 2003; Kikuchi & Shintani, 2012) , which we use in this paper. Figures 3 and 4 show the time series of RMSE and MaxAE of the Tokyo Metropolitan Bond based on BS and NSS. This shows that BS fits better than NSS, which is consistent with the results of Kikuchi and Shintani (2012) . Notably, the RMSE of the BS model is quite small over the entire sample term, at around 0.01%, and the MaxAE is around 0.02%～0.06%, which is still small. The RMSE and MaxAE of the BS and NSS model increased in 2008 because the shape of the yield curve became distorted by the financial crisis. Vol. 8, No. 6; 2016 model, using times series data from August 2002 to December 2015 (the data are included when N is 6 or more). The table shows that the fit of the BS model is better than the NSS model. In the BS model, the RMSE is basically less than 0.01%, although there are some exceptions, and the MaxAE is around 0.01～0.03%, which is still small. On the other hand, in the NSS model, the RMSE of some of the issuers is around 0.01%, although some RMSEs, such as for Tokyo Metropolitan, are over 0.05%. Notably, the MaxAE of the NSS model is quite large. The MaxAE of some of the issuers is over 0.1%. Vol. 8, No. 6; 2016 To examine the RMSE and MaxAE of the NSS model in more detail, Table 3 shows the mean of the RMSE for each maturity. This table shows that the error for the longer term, over 10 years, is more than 0.1%. As in the case of Tokyo Metropolitan in section 4.1, the fitness of the NSS model is less suited over the longer term. Some local governments have issued a small number of longer bonds, such as 20 or 30 year bonds, causing the NSS model to be less suited. The RMSE of the NSS model for bonds less than 10 year is less than 0.02%, which is quite small in comparison to the BS model's case. 
Conclusion
In this study, we have estimated the Japanese Municipal Bond yield curve using B-spline and the Nelson-Siegel-Svensson approach. As in previous studies, such as Kikuchi and Shintani (2012) , the B-spline method fit quite well for Japan's Municipal Bonds, however, the fit of the NSS method was not always well suited, especially in terms of longer bond durations.
Our par yield estimation contributes significantly to academic and practitioner literature. As far as we know, no estimated par yield of Japan's municipal bond market is available that looks at daily frequency over 10 years. Bloomberg does provide the par yield of municipal bonds in Japan, however, the coverage of the Bloomberg data from 2002 to the present is quite limited (e.g., Tokyo Metropolitan), and only subscribers to Bloomberg have access to the Bloomberg data. Our full data set is available from http://www.mcnnns77.net, and will be updated regularly.
